NEW CLASSES OF WEIGHTED HOLDER- ZYGMUND 
SPACES AND THE WAVELET TRANSFORM 



STEVAN PILIPOVIC, DUSAN RAKIC, AND JASSON VINDAS 

Abstract. We provide a new and elementary proof of the continu- 
ity theorem for the wavelet and left-inverse wavelet transforms on the 
spaces <5>o(R") and iS(H n+1 ). We then introduce and study a new class 
of weighted Holder-Zygmund spaces, where the weights are regularly 
varying functions. The analysis of these spaces is carried out via the 
wavelet transform and generalized Littlewood-Paley pairs. 



1. Introduction 

The purpose of this article is two folded. The main one is to define 
and analyze a new class of weighted Holder-Zygmund spaces via the wavelet 
transform [11] . It is well known El [18] that the wavelet transforms 
of elements of the classical Zymund space C"(R n ) satisfy the size estimate 
\W-,jjf(x, y)\ < Cy a which, plus a side condition, essentially characterizes the 
space itself. We will replace the regularity measurement y a by weights from 
the interesting class of regularly varying functions [U [17] . Familiar functions 
such as y a ,y a |logy|^ ,y a |log |logy||^, are regularly varying. 

The continuity of the wavelet transform and its left-inverse on test func- 
tion spaces [1] plays a very important role when analyzing many function 
and distribution spaces [6], such as the ones introduced in this article. Our 
second aim is to provide a new proof of the continuity theorem, originally 
obtained in [3], for these transforms on the function spaces iSo(M n ) and 
5(EI n+1 ). Our approach to the proof is completely elementary and substan- 
cially simplifies the much longer original proof from [3] (see also [6] Chap. 
1])- ' 

The definition of our weighted Zygmund spaces is based on the useful 
concept of (generalized) Littlewood-Paley pairs, introduced in Subsection 
14.11 which generalizes the familiar notion of (continuous) Littlewood-Paley 
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decomposition of the unity [7j. In addition, an important tool in our analysis 
is the use of pointwise weak regularity properties vector-valued distributions 
and their (Tauberian) characterizations in terms of the wavelet transform 
[131123]. Even in the classical case C", our analysis provides a new approach 
to the study of Holder-Zygmund spaces. It is then very likely that this kind 
of arguments may also be applied to study other types of smooth spaces, 
such as Besov type spaces. 

The paper is organized as follows. We review in Section[2]basic facts about 
test function spaces, the wavelet transform and its left-inverse, namely, the 
wavelet synthesis operator. In Section [31 we will provide the announced new 
proof of the continuity theorem for the wavelet and wavelet synthesis trans- 
forms when acting on test function spaces. We then explain in Section [3] 
some useful concepts that will be applied to the analysis of our weighted ver- 
sions of the Holder-Zygmund spaces; in particular, we shall discuss there the 
notion of (generalized) Littlewood-Paley pairs and some results concerning 
pointwise weak regularity of vector- valued distributions. Finally, we give the 
definition and study relevant properties of the new class of Holder-Zygmund 
in Section [5j 

2. Notation and notions 

We denote by H n+1 = R n x R + the upper half-space. If x G M n and 
m G N n , then |x| denotes its euclidean norm, x m = x™ 1 . . . x™ n , d m = 
d™ = d™ 1 . . . d™", ml = m\\m2\ ■ ■ ■ m n \ and \m\ = m\ + • • • + m n . If the 
j-th coordinate of m is one and the others vanish, we then write dj = d™. 
The set B(0,r) is the euclidean ball in M n of radius r. In the sequel, we 
use C and C to denote positive constants which may be different in various 
occurrences. 

2.1. Function and distribution spaces. The well known [15] Schwartz 
space of rapidly decreasing smooth test functions is denoted by <S(M n ). We 
will fix constants in the Fourier transform as <p(u) = J^„ <£>(t)e -m '*dt. The 
moments of cp G <S(M n ) are denoted by Umi^p) = /fn t m ip(t)dt, m G W 1 . 

Following [6], the space of highly time-frequency localized functions 5o(M n ) 
is defined by S (W n ) = {if G S(R n ) : fj, m (ip) = 0, Vm G N n } , it is provided 
with the relative topology inhered from <S(R n ). In [6], the topology of <So(M n ) 
is introduced in an apparently different way; however, both approaches are 
equivalent in view of the open mapping theorem. Observe that 5o(M n ) is a 
closed subspace of «5(M n ) and that cp G S (R n ) if and only if d m <p(0) = for 
all m G N n . It is important to point out that <So(M n ) is also wen known in 
the literature as the Lizorkin space of test functions (cf. [14] ). 

The space 5(H n+1 ) of highly localized functions on the half-space [6] 
consists of those $ G C°°(M a+1 ) for which 

Pl,k,»,m($) = sup (V + 1) (l + M 2 ) fe/2 \8»d™<!>(x,y)\ < oo, 
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for all l,k,u G N and m G N n . The canonical topology on 5(EI n+1 ) is 
induced by this family of seminorms [6]. For later use, we shall denote by 
Pk, m the corresponding seminorms in <S(M n ), namely, 

/ ,\ fc/2 

p ktm (<p) = sup (l + |t| 2 ) \d m <p(t)\, ^N.meN" 

tGM™ V 7 

The corresponding duals of these three spaces are S'(M. n ), <Sg(R n ), and 
S'(M n+1 ). They are, respectively, the spaces of tempered distributions, Li- 
zorkin distributions, and distributions of slow growth on M n+1 . Since the 
elements of <So(M n ) are orthogonal to every polynomial, <Sg(R n ) can be canon- 
ically identified with the quotient space of <S'(R n ) modulo polynomials. 

Finally, we shall also make use of spaces of vector- valued tempered distri- 
butions (EJUS]. If -X" is a locally convex topological vector spaces pj5], then 
the space of X-valued tempered distributions is 5'(M n ,X) = Lb(S(M. n ),X), 
namely, the space of continuous linear mappings from <S(R n ) into X. 

2.2. Wavelet transform. In this article a wavelet simply means a function 
ip G <S(M n ) that satisfies //o(V0 = Jr™ ip(t)dt = 0. 

The wavelet transform of / £ cS^R") with respect to the wavelet tp £ 
5(R") is defined as 

where (x,y) G H n+1 . The very last integral formula is a formal notation 
which makes sense when / is a function of tempered growth. Notice that 
the wavelet transform is also well defined via (|2.ip for / € S' (M n ) if the 
wavelet if) € <So(R"). The wavelet transform can be defined exactly in the 
same way for vector-valued distributions. 

2.3. Wavelet synthesis operator. Let ij E 5o(R n ). The wavelet synthesis 
transform of $ € <S(EI Tl+1 ) with respect to the wavelet rj is defined as 

(2.2) M„*(t) = T I Hx,y)^ (—) t G W l . 

Jo J«. n y \ y / y 

Observe that the operator A4 V may be extended to act on the space S'(M n+1 ) 
via duality arguments, see [6] for details (cf. [E] for the vector- valued case). 
In this paper we restrict our attention to its action on the test function space 
S(H n+1 ). 

The importance of the wavelet synthesis operator lies in fact that it can 
be used to construct a left inverse for the wavelet transform, whenever the 
wavelet possesses nice reconstruction properties. Indeed, assume that tp £ 
e>o(R™) admits a reconstruction wavelet r/ G <So(R"). More precisely, it 
means that the constant 

f°° — dr 

c^,r? = c^, iV (u) = / ii(ru)fj(ru) — , to G §> n_1 , 
Jo r 
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is different from zero and independent of the direction uj. Then, a straight- 
forward calculation [6] shows that 

(2.3) Id 5o(K n) = — -M„nV 

It is worth pointing out that (|2.3[) is also valid [U [13] when and .M^ act 
on the spaces 5g(lR' 1 ) and ^(HP -1-1 ), respectively. 

Furthermore, it is very important to emphasize that a wavelet ijj admits 
a reconstruction wavelet rj if and only if it is non-degenerate in the sense of 
the following definition |13j : 

Definition 2.1. A test function </? G <S(K n ) is said to be non- degenerate if 
for any uj G S n_1 the function of one variable Rui{r) = ip(rui) G C°°[0, oo) is 
not identically zero, that is, suppi? w ^ 0, for each lo G S n_1 . 

3. The wavelet transform of test functions 

The wavelet and wavelet synthesis transforms induce the bilinear map- 
pings 

W : (V>, <p) h-> W,p<p and M : (ij, 3>) i-» A^,,$. 

Our first main result is a new proof of the continuity theorem for these 
two bilinear mappings when acting on test function spaces. Such a result 
was originally obtained by Holschneider [H [6] . Our proof is elementary and 
significantly simpler than the one given in [6j. 

Theorem 3.1. The two bilinear mappings 

(i) W : S (R n ) x S Q (R n ) -)■ 5(M n+1 ) 

(ii) M : S (R n ) x 5(M n+1 ) -> S (R n ) 

are continuous. 

Proof. Continuity of the wavelet mapping. We will prove that for arbitrary 
I, k, v G N, m G N n , there exist N G N and C > such that 

(3-1) P° fcllV n (W^) < C Y, Pi'A^PiM- 

i',\j'\,i,\j\<N 

We begin by making some reductions. Observe that, for constants Cj which 
do not depend on cp and ip, 

d»d™WM x > V) = d v d x [ <P(vt + x)$(t)dt 




d m+ ^(yt + x)t j i){t)dt 



lil<" 
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where ipj(t) = t j ip(t) G S (R n ) and tp rn+j = d m+j (p G S (R n ). It is therefore 
enough to show (13. If) for v = and m = 0. Next, we may assume that k is 
even. We then have, for constants c r s independent of rp and 93, 



(1 + \x\ 2 ) k ' 2 wM^y) = -J^ (u - A^e^,m^yO) 

n H+I*l<fe " 
= E c r,«V^Wil>. ( Pr(?,y), 

|r|+|s|<fc 



where (p r (t) = (—it) r if(t) and tp s (t) = (it) s ip(t). Thus, it clearly suffices to 
establish (|3.ip for k = v = and m = 0. We may also assume that I > n. 

We first estimate the term y l \W^<p(x, y)\. Since 8^(0) = for every 
j € N", we can apply the Taylor formula to obtain 



0(£) = r ] & ' ^ or some z i i n the line segment [0, £]. 

b'H-n J ' 



Hence, 



\j\=l-n 



< Cp; +n , (</>) ^ PanjWO, for all ei n+1 . 

|j|<2/+2ra 



It remains to estimate y l \W^(f(x,y)\. We shall now use the fact that all 
the moments of ip vanish. If we apply the Taylor formula, we have, for some 
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zt = z(t,x,y) in the line segment 

<p(yt + x)i>(t)dt 

cPip(x 



—AyVf(p(x,y)\ = — 

y y 



l 

yl 



< 



[ m E^W+E- 

E#/ d + iti 2 y/ 2 i^)idt 



UN 

< Cp i+2 „,o(V0 E ^'(v)- 

UN 

The result immediately follows on combining the previous two estimates. 

Continuity of the wavelet synthesis mapping. We should now prove that 
for arbitrary k £ N and k £ N n there exist JVgN and C > such that 



(3.2) 



,k2,l,m 

fci,fc 2 ,Z,|m|<iV 
i,|i|<iV 



Since d^M v ^ = M v d^, it is enough to prove f)3.2|) for k = 0. We denote 
below $ the partial Fourier transform of with respect to the space coor- 
dinate, i.e., $(£,?/) = f Rn $>(x,y)e~^' x dx. We may assume that k is even. 
We then have, 



(i + \tf)i\M v m\ = (i + \t\ 2 y 




$(t-x,y)4rM - <b<1 ' / 



(1 + 



(27T) 




d^dy 



< 



(27T) 




» (1 + ltl 2 ,- 

(1- A f )f ($(£,y)»Ki/0 



d£dy 



1 v - 

< j2*r ^ Cr ' s 




< 



(2vr 



- y 



Cr,sP0,s(rj) 



\%&(Z,y)\v ] ' hl \d B v(vOWv 



\r\+\s\<k 



d£ dy 



(l + |e| 2 )™ l + y 2 



<C E P0,.(^)(PH_i,2n,0,r(*) + ^H+l,2«.0,r(*)) / / 
|r|+M<* ^ ■ /r " 

<C E PM+2n,o(*/)0>° s |-i,|r| +2n,0,j (^)+P| s | + l,| r | +2ni0j (^))- 
|r| + |s|<fc 
b'l<2n 

This completes the proof. □ 
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Remark 3.2. It follows from the proof of the continuity of Ai that we can 
extend the bilinear mapping M. : (rj, <£) i-> to act on 

M : S(R n ) x S(M n+1 ) -> S(R n ), 

and it is still continuous. 

4. Further notions 

Our next task is to define and study the properties of a new class of 
weighted Holder- Zygmund spaces. We postpone that for Section [5j In this 
section we collect some useful concepts that will play an important role in 
the next section. 

4.1. Generalized Littlewood-Paley pairs. In our definition of weighted 
Zygmund spaces we shall employ a generalized Littlewood-Paley pair [20] . 
They generalize those occurring in familiar (continuous) Littlewood-Paley 
decompositions of the unity (cf. Example 14.31 below) . 

Let us start by introducing the index of non-degenerateness of wavelets, as 
defined in [13J. Even if a wavelet is non-degenerate, in the sense of Definition 
12.11 there may be a ball on which its Fourier transform "degenerates". We 
measure in the next definition how big that ball is. 

Definition 4.1. Let ip G <S(R n ) be a non-degenerate wavelet. Its index of 
non-degenerateness is the (finite) number 

t = inf {r£l + : supp R w n [0, r] / 0, G S n_1 } , 
where R u are the functions of one variable Ruj(r) = ip(ru). 

If we only know values of W^f(x,y) at scale y < 1, then the wavelet 
transform can be blind when analyzing certain distributions (cf. |13^ Sec. 
7.2] . The idea behind the introduction of Littlewood-Paley pairs is to 
have an alternative way for recovering such a possible lost of information by 
employing additional data with respect to another function (j) (cf. |20j). 

Definition 4.2. Let a G E, 4> G S{R n ). Let V G S{R n ) be a non-degenerate 
wavelet with the index of non-degenerateness r. The pair ((f), tp) is said to 
be a Littlewood-Paley pair (LP-pair) of order a if <p(u) ^ for \u\ < r and 
A t m(V ; ) = for all multi-index m G N n with \m\ < [a]. 

Example 4.3. Let cp G 5(M n ) be a radial function such that (f> is nonnega- 
tive, 0(f) = 1 for |f | < 1/2 and 0(f) = for \£\ > 1. Set r/S(f) = -f • V0(£). 
The pair (</>, ■0) is then clearly a LP-pair of order oo. Observe that this well 
known pair is the one used in the so-called Littlewood-Paley decompositions 
of the unity and plays a crucial role in the study of various function spaces, 
such as the classical Zygmund space C°(R n ) (cf., e.g., [7]). 

We pointed out above that LP-pairs enjoy of powerful reconstruction 
properties. Let us make this more precise. 
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Proposition 4.4. Let ((f), ip) be a LP-pair, the wavelet ip having index of 
non-degenerateness r and r > r being a number such that <fi(£) ^ for 
|£| < r. Pick any a in between r and r. If n G 5o(M n ) is a reconstruction 
wavelet for tp whose Fourier transform has support in B(0, a) and ip G T>(M n ) 
is such that = 1 for £ G B(0,a) and suppc/? C B(0,r), then, for all 
f G 5'(K n ) and 9 G S(R n ) 
(4.1) 

(/,*>=/ (f*mW)dt + — [ I W^f(x,y)W^ 2 (x,y)^, 

JR n °ip,r) JO JR n y 

where = 9^M0/H~0 and § 2 (£) = - <p(£)). 

Proof. Observe that 

(f*<t>,9 1 ) = (2nr n ((f(0,9(-ZM-0). 

It is therefore enough to assume that 9\ = so that 9 = 62 ■ Our assumption 
over 77 is that r] £ 5oQR n ), suppr) C -6(0, a) and 

/■°° - dr 
Cib,r, = / tp(rui)fj(ru) — / 
Jo r 

does not depend on the direction oj. We remark that such a reconstruction 
wavelet can always be found (see the proof of [13} Theorem 7.7]). Therefore, 
Wr)9(x, y) = for all (x, y) G W 1 x (1, 00). Exactly as in (HJ p. 66], the usual 
calculation shows that 

9{ t) = J- Mf (WMt) = — f 1 [ $ (—) W n 9(x,y)^. 

c ip,ri °ip,ri Jo Jr" \ y j y 

Furthermore, since Wrj9 G S{M n+1 ) (cf. Theorem l3T|) . the last integral 
can be express as the limit in <S(R n ) of Riemann sums. That justifies the 
exchange of dual pairing and integral in 

</, e) = (/(*>, — /' / # ( *z£) w , Hl , y) ^y) 

\ J J Rn V y ) y I 

' !> 1 W^f(x,y)W n 9(x,y)^- 



<hj>,n Jo Jm." 



□ 



4.2. Slowly varying functions. The weights in our weighted versions of 
Holder- Zygmund spaces will be taken from the class of Karamata regularly 
varying functions. Such functions have been very much studied and have 
numerous applications in diverse areas of mathematics. We refer to [TJ [T7] 
for their properties. Let us recall that a positive measurable function L is 
called slowly varying (at the origin) if it is asymptotically invariant under 
rescaling, that is, 

(4.2) lim —. ) = 1, for each a > 0. 

e^o+ L(e) 
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Familiar functions such as 1, |loge| , |log|loge|[ , are slowly varying. 
Regularly varying functions are then those that can be written as e a L(e), 
where L is slowly varying and a € R. 

4.3. Weak-asymptotics. We shall use some notions from the theory of 
asymptotics of generalized functions [21 [121 [I3j [24] . The weak-asymptotics 
of distributions, also known as quasi-asymptotics, measure pointwise scaling 
growth of distributions with respect to regularly varying functions in the 
weak sense. Let E be a Banach space with norm || || and let L be slowly 
varying. For f € S'(M n ,E), we write 

f(x + et) = O(e a L(e)) as e ->■ 0+ in S'(R n , E), 

if the order growth relation holds after evaluation at each test function, i.e., 



for each test function <p £ 5(R n ). Observe that weak-asymptotics are directly 
involved in Meyer's notion of the scaling weak pointwise exponent, so useful 
in the study of pointwise regularity and oscillating properties of functions 



One can also use these ideas to study exact pointwise scaling asymptotic 
properties of distributions (cf. [21 [12j [22j [13] ) . We restrict our attention here 
to the important notion of the value of a distribution at a point, introduced 
and studied by Lojasiewicz in [HI [10] (see also [3j EU [25] ) . The vector- valued 
distribution f € 5'(R ra , E) is said to have a value v £ E at the point xq € R n 
if lim e _ >0 + f( x o + e£) = v > distributionally, i.e., for each ip £ 5(R ra ) 



In such a case we simply write f(xo) = v, distributionally. 

4.4. Pointwise weak Holder space. An important tool in Section [5] will 
be the concept of pointwise weak Holder spaces of vector- valued distributions 
and their intimate connection with boundary asymptotics of the wavelet 
transform. These pointwise spaces have been recently introduced and in- 
vestigated in [13J. They are extended versions of Meyer's pointwise weak 
spaces from [TT]. They are also close relatives of Bonny's two-microlocal 
spaces [HUH]- Again, we denote by E a Banach space, L is a slowly varying 
function at the origin. 

For a given xo £ l n and a G R, the pointwise weak Holder space [13] 
Cw ,L (xo,E) consists of those distributions f € S'(R", E) for which there is 
an E- valued polynomial P such that (cf. Subsection 14. 3p 



Observe that if a < 0, then the polynomial is irrelevant. In addition, when 
a > 0, this polynomial is unique; in fact (14. 4p readily implies that the 



(4.3) 



(f (x + et),<p(t)}\\ <C V , 0<e<l, 



mi. 




(4.4) 



f (x + et) = P(et) + 0(e a L(e)), e -> + , in S'(R n , E) 
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Lojasiewicz point values 9 m f(xo) exist, distributionally, for \m\ < a and 
that P is the "Taylor polynomial" 

d™f(x ) 
m\ 



m = y e 

Z — J rn I 

|m|<a 



The pointwise weak Holder space C^ w (xq,E) of second type is defined 
as follows: f G C"' w (xq, E) if (|4.3j) is just assumed to hold for each ip G 



l n ) satisfying the requirement ^ m ((p) = for all multi-index \m\ < a. 
Naturally, the previous requirement is empty if a < 0, thus, in such a 
case, C*,w(xq,E) = Cw ,L (xo, E). One can also show that if a ^ N, the 
equality between these two spaces remains true [13J. On the other hand, 
when a G N, we have the strict inclusion Cw ,L (xq, E) C C*' w (xq,E) (cf. 
comments below). The usefulness of C*' w (xq, E) lies in the fact that it 
admits a precise wavelet characterization. The following theorem is shown 
in [13], it forms part of more general Tauberian-type results that will not be 
discussed here. 

Theorem 4.5. [13] Let a € R and let t/j £ 5(IR n ) be a non- degenerate 
wavelet with /J-m(^) = for \m\ < [a]. Then, f G C^{xq,E) if and only if 
there is k G N such that 

yk 

limsup sup HW-^f (xq + ex,ey)\\ < oo. 

e-+0+ \x\ 2 +y 2 =l,y>0 £O<Li y £ ) 

It is worth mentioning that the elements of C^(xq,E) for a = p G N 
can be characterized by pointwise weak-asymptotic expansions. We have 
[13] that f G C^w(xq, E) if and only if it admits the weak-expansion 

f(xo+et)= y K , 0, (et) m +e p V t m c m (e)+0 (e p L(e)) in 5'(M n , E), 
^-^ ml L — ' 

|m|<p |m|=p 

where d m f(xo) are interpreted in the Lojasiewicz sense and the c m : (0, oo) — > 
E are continuous functions. Comparison of this weak-expansion with (|4.4p 
explains the difference between the two pointwise spaces when a = p G N. 

5. New class of Holder-Zygmund spaces 

Throughout this section, we assume that L is a slowly varying function 
such that L and 1/L are locally bounded on (0, 1]. 

5.1. L-H61der spaces. We introduce weighted Holder spaces with respect 
to L. They were already defined and studied in [13]. Let a G M+ \ N. We 
say that a function / belongs to the space C a,L (M. n ) if / has continuous 
derivatives up to order less than a and 
(5-1) 

Ca . L := V Bup|#/(t)|+ V sup \9 m m-d m f(x)\ <qo _ 
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When a = p + 1 G N, we replace the previous requirement by 

« = £« £ I»'/WI+E V^imV < °°- 

The space C a ' L (R n ) is clearly a Banach space with the above norm. The 
conditions imposed over L ensure that C a ' L (M. n ) depends only on the behav- 
ior of L near 0; thus, it is invariant under dilations. When L = 1, this space 
reduces to C a ' L (R n ) = C a (R n ), the usual global (inhomo geneous) Holder 
space [Elgin]- Consequently, as in [T3|, we call C a > L (M. n ) the global Holder 
space with respect to L. Note that, because of the properties of L [T] [T7] . 
we have the following interesting inclusion relations: 

l ) C C a ' L (W n ) C C 7 (M n ), whenever < 7 < a < f3. 

5.2. L-Zygmund spaces. We now proceed to define the weighted Zyg- 
mund space C*' (W 1 ). Let a G R and fix a LP -pair ((f), ip) of order a. A 
distribution / G 5'(]R n ) is said to belong to the L-Zygmund space C* ' (IR n ) 
of exponent a if 

(5.2) 11/11 c c,l:= 11/ * 0||ioo + sup sup 1 J ^/(x,;/)| < 00. 

°* xeM" o<y<i y a -^(y) 

Observe that we clearly have C a > L (R n ) C C°' L (IR n ), for a > 0. We will 
show that if a G M+\N, we actually have the equality C a < L (M. n ) = C^ L (R n ). 
When a is a positive integer, we have in turn C a ' L (W n ) C C* ,L (M. n ). As 
in the case of L-H61der spaces, our L-Zygmund spaces refine the scale of 
classical Zygmund spaces; more precisely, we have again the inclusions: 

Cf (R n ) C C? ' L (R n ) C CJ(IR n ), whenever < 7 < a < /3. 

The definition of C* ,L (M. n ) can give the impression that it might depend 
on the choice of the LP-pair; however, this is not the shown by the 

ensuing result. 

Proposition 5.1. The definition of (M. n ) does not depend on the choice 
of the LP-pair. Moreover, different LP-pairs lead to equivalent norms. 

In view of Proposition 15.11 we may employ a LP-pair coming from a 
continuous Littlewood-Paley decomposition of the unity (cf. Example l4.3p in 
the definition of C*' L (NL n ). Therefore, when L = 1, we recover the classical 
Zygmund space C"' (M n ) = C"(IR n ) [7]. Proposition 15.11 follows at once 
from the following lemma. 

Lemma 5.2. Let f G C"' L (M n ), then for every 6 G 5(M n ) there holds 

(5.3) \\f*e\\ L o«<c 
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where \\f\\c<o,L is given by Furthermore, i/!B C iS(R n ) is a bounded 

set such that fj, m (9) = for all 9 G 23 and all multi-index m < [a], then 

(5.4) sup sup —L-\W e f(x,y)\ <C\\f\\ c ^ L , forall9e<B. 



Proof. The estimate (15.3P easily follows from the representation (J4JJ) of / 
from Proposition I4.4L Let us show (15. 4h , We retain the notation from the 
statement of Proposition 14.41 In view of (14. ip . a quick calculation yields 

W e f(x,y) = F 1 (x,y) + F 2 (x,y), 

where 

F 1 (x,y)= I (f*tp)(x + yt)6(t)dt (with $ = if) 



and 

1 f 1 / y f dbda 
F 2 (x,y) = / / W^f(yb + x,ya)Wr,e y (b,a) , 



Cr 4>,rj JO 

with 9y(C) = @(0(^~ l P(£./y))- To estimate Fx, we first observe that if a < 0, 
then 

sup sup 1 \Fi(x,y)\ < C\f\ ca , L \\6\\ L1 sup — < C \f\ c <*,L 

o< y <ixew y a L{y) * o< y <iy a L{y) 



because slowly varying functions satisfy the estimates y a < CL(y) for any 
exponent a > [H [IT]. When a > 0, we have that (/ * (p) is a C°°-function 
with bounded derivatives of any order. Then, by the Taylor formula, (|5.3p 
(with = d m (p), and the assumption fj, m (9) = for |m| < [a], we obtain 

sup sup— |*iO«M/)l< sup C Il/H ^ ^-^ / |t|M +1 |0(t)|dt 

<c" 



We now bound F2. Potter's estimate [TJ p. 25] gives the existence of a 
constant C such that 

11 "' lt ' <C[a + -] , for all < y < 1 and a < l/y. 



L(y) V a 

Thus, 



<C \\f\\ c «,L I I (a a + a a - 2 )\Wfj9 y (b,a)\dbda 



Notice that {9 y G 5(M n ) : 9 G 33, y G (0, 1]} is a bounded set in 5 (M n ) be- 
cause the derivatives of ip are supported in {£ : a < |£| < r}. Thus, due 
to the continuity of }% (cf. Theorem EU , {WfjQy ■ 9 G 53, y G (0, 1]} is a 
bounded set in S(M n+1 ). This implies that the integrals involved in the very 
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last estimate are uniformly bounded for 6 G *B and y G (0, 1]. Consequently, 
we obtain that 



sup sup — \F 2 (x,y)\ < C \\f\\ ca ,L , 



as required □ 

We obtain the following useful properties. 
Corollary 5.3. The following properties hold: 

(i) d m : C*' L (R n ) -> C?~ lm],L (R n ) is continuous, for any m G W 1 . 
(ii) If f*<j) G L°°(lR n ) and djf G C?~ 1 ' L (W l ) for j = l,...,n, then 
f G C*' L (R n ). 

(Hi) The mapping (1 - A)"/ 2 is an isomorphism of the space ' (IR^) 
onto C*~^' L (M. n ), for arbitrary a, /3 E R. 

Proof, (i) It is enough to consider dj. We have that djf * (ft = f * dj(ft 
and Wipdjf(x,y) = —y~ l Wg. 1 pf(x,y). Thus, the result follows at once by 
applying (I5.3|) with = dj(ft and (I5.4p with 6 = djift. 

(ii) If (4>,ift) is a LP-pair, so is (<ft,Aift). Note that our assumption and 
(i) imply that A/ G C* '^(M n ). In 

view of Proposition 15.11 it remains to 

observe that 

JrEM^ffrv) = i^REM W * (A/)(x ' w) - 

(iii) Since (1 — A) _/3 / 2 is the inverse of (1 — A)^ 3 / 2 , it suffices to show that 
(1 - Af/ 2 maps continuously C*> L (R n ) into C?~ A£, (R ri ). Using Q with 

= (l-A)^/ 2 (/>, we obtain that || (1 - Af/ 2 f * (ft\\ Loo <C||/|| c «,i. We also 
have 

w*(i - A)^ 2 /(x, y ) = ^-L^ (Kt),J*tf + [vf |$(y0) 



4w e J (x, y), where y = (y 2 - A)^ 2 ^. 



Finally, we can apply d53D because <B = {(j/ 2 - A) /3 / 2 V'}, e(0 y is a bounded 
set in iS(R n ) and [i m [Qy) = for each multi-index \m\ < [a]. □ 

We can also use Proposition 14. 41 to show that C* ,L (M. n ) is a Banach space, 
as stated in the following proposition. 

Proposition 5.4. The space is a Banach space when provided 

with the norm 115. ty) . 

Proof. Let 77, tp, 9\, 82 be as in the statement of Proposition 14.41 Suppose 

>3- 



that {/j}°^ is a Cauchy sequence in C* ' L (lR n ). Then, there exist continuous 
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functions g G L°°(]R ?1 ) and G denned on W l x (0, 1] such that fj * (p — > g in 
L 00 ^™) and 

lim sup sup — \W$fj{x,y) - G(x,y)\ = 0. 
■ ?_>0 °ye(o,i] xgW 1 U L \y) 

We define the distribution / G <S'(R n ) whose action on test functions 9 G 
<S(R n ) is given by 

</,<?) := / g(t)e 1 (t)dt+— f [ G(x,y)W^6 2 (x,y)^y, 

jR n c tp,r) Jo JM. n y 

Since the fj have the representation (|4.ip . we immediately see that fj — > / 
in S'(]R n ). Thus, pointwisely, 

(/ * = hm (/,• * 0)(t) = 5 (t) 

and 

W^f(x,y) = lim W^fj{x,y) = G(x,y). 

This implies that lim^oo ||/ — fj\\ c , a ,L = 0, and so C* ,L (M. n ) is complete. 

□ 

We have arrived to the main and last result of this section. It provides the 
L-H61derian characterization of the L-Zygmund spaces of positive exponent. 
We shall use in its proof a technique based on the Tauberian theorem for 
pointwise weak regularity of vector-valued distributions, explained in Sub- 
section 14.41 We denote below by Cfe(M n ) the Banach space of continuous 
and bounded functions. 

Theorem 5.5. Let a > 0. 

(a) If a (^n, then C^ L (R n ) = C a ' L (M. n ). Moreover, the norms l5l\) 
and \5. 1\) are equivalent. 

(b) If a = p + 1 G N, then C* +1 ' L (M n ) consists of functions with contin- 
uous derivatives up to order p such that 

(5.5) 

V- n«m,n V- \d m f(t + h) + d m f(t-h)-2d m f(t)\ 

£ l|a /llioo+ ,^ s w) <0 °- 

In addition, \5. 5\) produces a norm that is equivalent to A5.2\) . 

Proof. Observe that the L-H61derian type norm (resp. (|5.5p ) is clearly 
stronger than (|5.2p . Thus, if we show the equality of the spaces in (a) 
and (b), the equivalence of norms would be a direct consequence of the open 
mapping theorem. 

Suppose that / G C"' L (R n ). Consider the C b (R n ) -valued distribution 
f G 5'(M?,Cft(M^)) given by f(t)(f) := f(t + £), i.e., the one whose action 
on test functions is given by 

(f(t),0(tm = (f(t + O,0(t)) = (f *$)(£), 9 e S(R n ), £ g R n . 
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It does take values in C{,(IR n ) because of (j5.3|) . Clearly, W^f (x,y)(£) = 
W^/(ac + £,y)- By (15.2f) and Potter's estimate [U p. 25], we have that 

||V^f(ea;,ey)|| C6(Rn) < Ce a L{e)y a - 1 for all a G (0,1), (x,y) G R n x (0,1]. 

Therefore, the Tauberian Theorem 03] yields that f G C"^(0, C 6 (M n )). Now, 
the Lojasiewicz point values <9 m f(0) = v m G C;,(IR n ) exist, distributionally, 
for |m| < a. It explicitly means that for all 9 G 5(R™) 

lim 8 m f * 9 e = lim <<9 m f (at), 9(t)) = p o (0)v m in C 6 (R?), 

e^0+ e^0+ ^ 

where e (i) = e~ n 9 (—t/e). If we now take # with /Uq(0) = 1, we then 
conclude that d m f = v m G Cf,(R n ) for each |m| < a. It remains in both 
cases to deal with the estimates for d a f when \m\ = [a]; notice that in this 
case d m f G C°„/ Q '' L (0, Cf,(R n )). We now divide the proof into two cases: 
Case a G N. Fix a multi- index \<m\ = a . It suffices to show 

\d m f(x)-d m f(t)\ 
SUP f-; < oo. 

o<|x-t|<i \x-t\ a ~ [a] L{\x-t\) 

We had already seen that d m f(t)(£) = d m f(t + £) G C%~ [a] ' L (0, C7 b (R£)) = 
C7^ [al ' L (0,C7 b (R£)),i.e., 

M0)d m f(O- [ d m f(C + et)e(t)dt = 0(e a -^L(e)), e^0 + , 

in the space Cf,(lR^), for each 9 G <S(R n ). Hence, if < \h\ < 1, we choose 
9 as before (no(9) = 1), and we use the fact that {9 — 9( ■ — u) : \cj\ = 1} is 
compact in 5(R n ), we have 



sup \d m f(Z + h)-d m f(0\<2sup 



d m m _ I' d m fmt + mt)dt 



+ sup 



d m f(C + \h\ t)(6(t) -9(t- \h\~ l h))dt 



0(\h\ a - [a] L(\h\)), 



and this completes the proof of (a). 

Case a = p+1 G N. The proof is similar to that of (a). Fix again \m\ = p. 
We now have d m i G Ci'^(0, C(,(M n )), which, as commented in Subsection 



yields the distributional expansion 

n 

(5.6) d m f(et)(0 = d m f(0 + eY,tM&® + ° {eL(e)) , < e < 1, 

in <S'(R™, Cft(lR^), where the c 3 -(e, • ) are continuous Cf,(R^) -valued functions 
in e. We apply (|5.6|) on a test function G 5(R ra ), with /io(6 l ) = 1, and 
L n tj0(t) dt = for j = 1, . . . , n, so we get 

(5.7) d rn f{i)= [ d m f(H + \h\t)9(t)dt + 0(\h\L(\h\)), 0<\h\<l, 
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uniformly in f G R n . Since {6> w := 0( ■ + w) + 0( ■ - w) - 26* : [w| = 1} is 
compact in 5(IR n ) and fJ, m (Qu) = for |m| < 1, the relations (]5.6f) and (|5.7|) 
give 

sup \d m f(£ + h) + d m f(£ -h)- 2d m f(f)\ 



< 3 sup 



d m m _ / ^/(l^t + ^df 



+ 



d m /(£ + \h\t)(0(t + h) + 9(t - /») - 29{t))dt 

= 0(\h\L(\h\)), 0<\h\<l, 
as claimed. □ 
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